Asymptotic reduced density matrix of discrete-time quantum walks by Annabestani, Mostafa
Asymptotic reduced density matrix of discrete-time quantum walks
Mostafa Annabestani∗
Faculty of Physics, Shahrood university of technology, Shahrood, Iran
(Dated: September 23, 2019)
In this article we show that for any quantum walker with m-dimensional coin subspace, we have
m2×m2 specific constant matrix C where it completely determines the asymptotic reduced density
matrix of the walker. We show that for any initial state with P0 projector, reduced density matrix,
can be obtained by Tr1 (P0 ⊗ I C) or equivalently Tr2 (I ⊗ P0 C). It is worth to mention that
characteristic matrix C is independent of the initial state and just depends on coin operator, so
by finding this matrix for specific type of QW the long-time behavior of it, such as local state of
the coin after a long time walking and asymptotic entanglement between coin and position will be
completely known for any initial state. We have found the characteristic matrix C for general coin
operator, U (2), as well as exact form of this matrix for local initial state.
I. INTRODUCTION
Quantum walks (QW)[1] are the quantum counter-
parts of classical random walk. While the degrees of
freedom of a random variable determines the direction
of the walk in classical random walk, in quantum walk
the state of a quantum system determines the direction
of the walk. Since the quantum system can be in su-
perposition state, quantum walker can walk in different
directions simultaneously.
The existence of quantum features which do not have
a classical counterpart, such as superposition, quantum
interference and entanglement, has made quantum walks
to have different properties and in many cases to be much
more powerful. These differences and potentials in quan-
tum walk have made it an interesting topic for research.
Some studies have illustrated the power of QW as the
universal computation approach [2, 3] while others have
introduced quantum walk based quantum algorithms [4–
6]. The power and applications of QW motivated re-
searchers to introduce different models of QWs. Many
coins QW [7], QW on higher dimension [8], QW on a cir-
cle [9], coin less QW [10], Mobius QW [11] and staggered
QW [12] are just a few examples of these models.
Furthermore, some important phenomena such as the
localization [13, 14], topological phases [15, 16] and de-
coherency [17, 18] have been studied well in/by QWs.
The study of asymptotic behavior of QW is another
field that researchers are interested in. Asymptotic coin-
position entanglement (CPE) [19, 20], global chirality
distribution (GCD) [21] or Thermodynamic behavior of
QW [22] are a few examples in which asymptotic behav-
ior of QW have been studied. Clearly to study asymp-
totic behavior, the numerical methods are not suitable
or at least are not accurate, so we need exact analyti-
cal method. Although many analytical papers have been
published, they are usually restricted to specific situa-
tions (specific initial state or coin operator) [20–24]), be-
cause analytical calculations in general form are very te-
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dious and difficult.
In this paper, we introduce a general method for calcu-
lating a reduced density matrix of QW that not only sim-
plifies the calculation but it is also applicable to the gen-
eral case. In this method, for each m-dimensional quan-
tum walk, we obtain a m2×m2 characteristic matrix (we
call it reduced density characteristic matrix (RDCM))
that contains all the information about the density ma-
trix of QW and reduced density matrix will be obtained
by a simple formula for any desired initial state.
Furthermore we calculate RDCM for most general form
of 1DQW in this paper as well. Henceforth, the reduced
density matrix of 1DQW will be fully determined for the
most general coin operator and any initial state.
It should be noted that the RDCM for 1DQW is just
an example of our formalism and the reader can obtain
the RDCM for other models of QWs. The good news is
that RDCM is calculated once for each model, and then
the density matrix can be easily calculated for any initial
state in that model.
This paper is organized as follows: in section II, by
introducing m-dimensional quantum walk, we have de-
rived general form of asymptotic reduced density matrix
of m-dimensional based on RDCM. In section III we have
shown that for two family of initial states, our formalism
became more simplified. In section IV, we have calcu-
lated RDCM for most general form of coin operator in
1DQW and brought some examples in section V.The con-
clusion have presented in the last section.
II. FORMALISM
The m-dimensional quantum walk can be defined in
terms of discrete m-dimensional space whose sites are
labeled by vector r = (r0, ..., rm−1). The set of orthonor-
mal states {|r〉} span the position subspace, HP , of the
walker. The “coin” degree of freedom is represented by
a m-qubit space, HC , spanned by 2m orthonormal states
which we label as {|j〉 | j = jm−1...j1j0 is bitstring}.
This nomenclature is motivated by the quantum walk on
a line, where |L〉 = |0〉 = (1, 0)T and |R〉 = |1〉 = (0, 1)T
are associated with left or right displacements respec-
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2tively. In our generalization, we use the bit ji to define
of movement’s direction along axis ri.
The Hilbert space for the system is H = HP ⊗HC and
a generic state is
|Ψ〉 =
∑
r
2m−1∑
j=0
aj(r) |r〉 ⊗ |j〉. (1)
One step of evolution is described by
|Ψ(t+ 1)〉 = U |Ψ(t)〉, (2)
where
U = S(IP ⊗ UC), (3)
in which IP is the identity operator inHP . The evolution
combines a unitary coin operation UC in HC with a shift
operator
S =
∑
r
∑
j
|r + sj〉〈r| ⊗ |j〉〈j| (4)
where sj is usually m-dimensional normal vector (|sj | de-
fines the length of steps. So non-normal sj defines QW
with non-unit length of steps). S performs the condi-
tional displacements determined by the coin state j. The
correspondence between coin states and displacements is
not unique. The different definition of sj will define dif-
ferent family of QWs.
From (2) it is clear that, the state of system after t
steps is
|Ψ(t)〉 = U t|Ψ(0)〉, (5)
in which |Ψ(0)〉 is the initial state. Unfortunately cal-
culation of U t is not easy, because U is not diagonal in
basis {|r〉} (see (3) and (4))
The Fourier transform, as first noted in this context by
Nayak and Vishwanath [25], is extremely useful because
shifting operator S is diagonal in k-space. By Fourier
transformation we can change the basis to
|k〉 =
∑
r
eik·r|r〉 (6)
where k is a vector with real continuous components
(k0, ..., km−1) in the interval [−pi, pi]. We are always able
to back to the original basis {|r〉} by inverse Fourier
transformation
|r〉 =
∫
dmk
(2pi)
m e
−ik·r|k〉. (7)
From (2), each component of wave vector, in k-space
evolves as
〈k|Ψ(t+ 1)〉 =
∫
dmk′
(2pi)
m 〈k|U |k′〉〈k′|Ψ(t)〉. (8)
in which we use the completeness of basis {|k〉},∫
dmk′
(2pi)
m |k′〉〈k′| = I. (9)
By using (3),(4) and (7)
〈k|U |k′〉 =
∑
r
∑
j
e−i(k−k
′)·re−ik·sj |j〉〈j|UC . (10)
and using the definition of
δ (k− k′) = 1
(2pi)
m
∑
r
e−i(k−k
′)·r, (11)
we can write the simple form of (8) as
|ψk(t+ 1)〉 = Uk|ψk(t)〉 (12)
in which
Uk =
∑
j
e−ik·sj |j〉〈j|UC . (13)
and
|ψk(t)〉 ≡ 〈k|Ψ(t)〉. (14)
This equation defines a unitary operator Uk which is
represented by a 2m× 2m matrix. The basic idea behind
our approach is to use the spectral decomposition of Uk
to obtain information about the long-time evolution of
the system.
Let us consider the eigenproblem for the unitary op-
erator Uk with eigenvalues e
iωk and corresponding nor-
malized eigenvectors |ωk〉. So by using the spectral de-
composition of Uk, the state of the system after t steps
is
|ψk(t)〉 = U tk|ψk(0)〉 =
∑
{ωk}
eiωkt|ωk〉〈ωk|ψk(0)〉, (15)
where the sum is over the set of eigenvalues of Uk.
The aim of this article is to find analytic compact for-
mula for reduced density matrix of the walker after a
long time walking. The reduced density matrix is in fact
the local state of coin subspace which appears in some
parts of quantum information (QI) and quantum com-
putation (QC) processes. Thermodynamical behavior of
QW [23, 26], Chirality behavior and non-Markovianity in
QW [27, 28] and coin-position entanglement (CPE) [19]
are just some examples of researches which deal with the
asymptotic behavior of QW by investigating the reduced
density matrix.
From (5), the reduced density matrix ρc after t steps
is defined by
ρc(t) = Trx (ρ(t)) =
∑
x
〈x|Ψ(t)〉〈Ψ(t)|x〉. (16)
3Although, by using the inverse Fourier transformation,
we are always able to calculate 〈x|Ψ(t)〉 from (15), but
we can avoid this issue by using Parseval’s theorem. So
ρc(t) =
∑
x
〈x|Ψ(t)〉〈Ψ(t)|x〉 =
∫
dmk
(2pi)
m |ψk(t)〉〈ψk(t)|,
(17)
where k ≡ (k0, k1, ..., km−1) with ki ∈ [−pi, pi] and
dmk ≡ dk0 dk1...dkm−1.
By putting (15) in (17),
ρc(t) =
∫
dmk
(2pi)
m
∑
{ωk, ω′k}
ei(ωk−ω
′
k)t |ωk〉〈ω′k| × (18)
〈ωk|ψk(0)〉〈ψk(0)|ω′k〉.
In the asymptotic limit t 1, according to the stationary
phase theorem, only terms with ωk = ω
′
k contribute to
eq. (17) as discussed in detail in Ref. [25]. Thus
ρˆc =
∫
dmk
(2pi)m
∑
{ωk}
|ωk〉〈ωk| × 〈ψk(0)|ωk〉〈ωk|ψk(0)〉
(19)
where we use a caret (ˆ ) to indicate that the asymptotic
limit ρˆc ≡ limt→∞ ρc(t) has been taken. We can use the
linearity of “trace” and rewrite Eq.19 as
ρˆc =
∫
dmk
(2pi)m
Tr1 (P0(k)⊗ I C(k)) (20)
where
C(k) =
∑
{ωk}
|ωk〉〈ωk| ⊗ |ωk〉〈ωk|, (21)
P0(k) = |ψk(0)〉〈ψk(0)|, is projector of initial
state, and I is m × m identity matrix. Obvi-
ously C(k) is symmetric under the interchanging part
1 and 2, so Tr1 (P0(k)⊗ I C(k)) can replaced by
Tr2 (I ⊗ P0(k) C(k)) in (20).
As you see, C is specific summation of cross product
of two m ×m operators, therefore C is m2 ×m2 matrix
which can be considered as a m × m matrix of block
matrix m × m. We use partial trace Tr1 (.) when we
use projector of initial state as P0 ⊗ I and it equals to
summation of all diagonal blocks of C, similarly Tr2 (.)
will be applied when we use I ⊗ P0 in (20) in this case
each element of result matrix is the trace of corresponding
block. Therefore the action of Tr1 (.) or Tr2 (.) in the
form of (20) converts the m2 ×m2 matrix of C to m ×
m matrix which is reduced density matrix of QW with
initial state |ψk(0)〉 after a long time walking.
III. INITIAL STATES
The (20) is general and true for any kind of initial
states. But for some category of initial states, the prob-
lem can be more simplified.
A. Local initial states
For initial coin state |χ〉 which is localized in position
v, we have
|Ψ(0)〉 = |v〉 ⊗ |χ0〉. (22)
So from (14)
|ψk(0)〉 = 〈k|Ψ(0)〉 = eik·v|χ0〉. (23)
Therefore
Pk(0) = |ψk(0)〉〈ψk(0)| = |χ0〉〈χ0|. (24)
does not depend on k. So from (20) we can write
ρˆc = Tr1 (|χ0〉〈χ0| ⊗ I CL) (25)
in which
CL =
∫
dmk
(2pi)m
C (k) (26)
is a constant matrix. It should be emphasized that the
calculation of C (k) for each specific coin will be per-
formed only once.
We will calculate explicit form of C (k) and CL in sec-
tion.IV for the most general form of coin operator, so
analytic form of ρˆc for any initial state and any coin op-
erator, will be easy to calculate (see (25)).
B. Non-local separable coin-position initial states
If we have an initial coin state |χ0〉 distributed over
different positions, the coin state can be separated from
the position state, therefore
|Ψ(0)〉 =
∑
n
an|n〉 ⊗ |χ0〉. (27)
in which
∑
n |an|2 = 1. Therefore
|ψk(0)〉 =
∑
n
ane
ik·n|χ0〉 = Q(k)|χ0〉. (28)
and
Pk(0) = |ψk(0)〉〈ψk(0)| = |Q (k)|2 |χ0〉〈χ0|. (29)
So from (20) ρˆc can be written as
ρˆc = Tr1 (|χ0〉〈χ0| ⊗ I CS) (30)
in which
CS =
∫
dmk
(2pi)m
|Q (k)|2 C (k). (31)
CS is a constant matrix, same as CL, but unlike the
local initial state, CS depends on |Q (k)|2 (distribution
on the position space).
4IV. GENERAL QW ON THE LINE WITH U(2)
COIN OPERATOR
In this section we used the formalism of previous sec-
tion to find characteristic matrix of C(k) for QW on the
line with general form of coin operator U(2). Although
the most general form of U(2) is defined by four param-
eters θ, α, β and φ as
U (2) ≡ eiφ2
(
eiα cos θ eiβ sin θ
−e−iβ sin θ e−iα cos θ
)
, (32)
but without loss of generality we can omit φ, because this
parameter just multiples eigenvectors by a global phase
eiφ/2, which is not important in our problem.
Therefore the most general form of the coin operator
can be
UC = U (θ, α, β) =
(
eiα cos θ eiβ sin θ
−e−iβ sin θ e−iα cos θ
)
, (33)
which includes all kinds of coin operators for QW on the
line. For example U (pi/4, pi/2, pi/2) = H (except global
phase −i) is Hadamard walk and U (θ, α, β) for θ 6= pi/4
is unbiased QW and etc.
In one dimensional QW, r = (r0) = x, and two dimen-
sional coin space which determines left and right move-
ments can be defined by s1 = −1 and s0 = 1 respectively.
So shifting operator (4) for 1DQW is
S =
∑
x
|x+ 1〉〈x| ⊗ |0〉〈0|+ |x− 1〉〈x| ⊗ |1〉〈1| (34)
According to (13) we can write
Uk =
(
e−ik 0
0 eik
)
U (θ, α, β) . (35)
The eigenvalues of this unitary matrix is in the form of
eiωk with ωk = {−γ, γ | cos γ = cos θ cos (k − α)} and
corresponding eigenvectors are
|ωk〉 = 1
N
(
e−iωk − cos θ e−i(k−α)
sin θ ei(k−β)
)
(36)
in which N is normalization factor. Although, (36) is
only thing we need to calculate C(k) from (21), but sim-
ple substitution (36) into (21) yields very complex, long
and unusable expressions. Fortunately, by several levels
of simplifications, we are always able to simplify C(k) to
have clean expressions. The success of simplification pro-
cess directly depends on the complexity of eigenvectors.
After enough simplifications for U(2) coin with eigen-
vectors (36), we will have
C(k)U(2) =

1− L −F ∗ −F ∗ G∗
−F L L F ∗
−F L L F ∗
G F F 1− L
 (37)
with
L =
sin2 θ
2 sin2 γ
(38)
G = − sin
2 θ
2 sin2 γ
e2i(k−β)
F =
i sin(k − α) sin θ cos θ
2 sin2 γ
ei(k−β)
where
cos γ = cos θ cos (k − α). (39)
C(k)U(2), determines the asymptotic reduced density
matrix of 1DQW with general coin of U(2). Specially for
local initial states, we can use (26) to find
CLU(2) =
1
2

2− sin θ f∗ f∗ g∗
f sin θ sin θ −f∗
f sin θ sin θ −f∗
g −f −f 2− sin θ
 (40)
where
f =
sin θ cos θ
sin θ + 1
ei(α−β) (41)
g =
sin θ (sin θ − 1)
sin θ + 1
e2 i(α−β)
As it seems the phase α and β appear only in the form
of α − β in CLU(2), So the long time behavior of reduced
density matrix of local initial states only depends on the
difference of phases not the individual value of them.
V. EXAMPLES
In this section we use the formalism of previous section
in order to investigate some asymptotic behaviors of QW
with different kinds of initial states.
A. Local initial state
Assume an initial state localized at the origin (x = 0)
with coin state |χ0〉 = |0〉. So from (24) we have
Pk (0) = |0〉〈0| =
(
1 0
0 0
)
. (42)
By plug it in (25) and using explicit form of CLU(2) in (40),
easily we can find asymptotic reduced density matrix ρˆc
as
ρˆc =
1
2
(
2− sin (θ) f∗
f sin (θ)
)
, (43)
5where f has been defined in (41). This ρˆc can be used
to investigate some features of QW such as coin-position
entanglement (CPE) [19], entanglement temperature [26]
or chairality probability distribution [28]. As an example
the CPE can be calculated by Von-neumann entropy
E = −
2∑
i=1
λi log2 λi, (44)
where λis are eigenvalues of ρˆc. From (43) it is easy to
see that
λ1, λ2 =
1
2
± |cos θ|
2 sin θ + 2
(45)
The Fig.1 shows the CPE for initial state |0〉. Note that
CPE for θ = pi/4 is 0.872 as we expected and has been
calculated before in Ref.[29, 30] for Hadamard walk (Note
that Upi/4,pi/2,pi/2 = H is Hadamard coin). Furthermore
we can see λi does not depend on phase α and β. One
may ask ”Is it universal feature for local initial state?”.
Answer to this question is easy in our formalism. Let us
assume most general form of initial state as
|ψ〉g = cos
(
ξ
2
)
|0〉+ eiη sin
(
ξ
2
)
|1〉 (46)
which is localized at x = 0. After some calculation and
simplification, the form of eigenvalues will be
1
2
±
√
1 + cos (2θ) cos (2ξ) + sin (2θ) cos (α− β − η) sin (2ξ)
2
√
2 (sin (θ) + 1)
.
(47)
It means that for the initial states |0〉, |1〉 (ξ = 0, ξ = pi
respectively) and equally superposed initial state (ξ =
pi
2 ), even for most general form of coin operator, we don’t
have dependency on phases α and β. On the other side
for any initial states, if the coin operator be one of the
Pauli matrices σi with i = 0 . . . 3 (θ = 0, pi,
pi
2 ), phases α
and β do not appear in the eigenvalues.
B. Separable distributed initial state
Assume an initial state |ψ〉d with coin state |χ0〉 = |0〉
which is distributed over x axis at x = ±1 with equal
weight
|ψ〉d = 1√
2
(| − 1〉x + |1〉x)⊗ |0〉. (48)
So from (28) we have
Q(k) =
1√
2
(
e−ik + eik
)
=
√
2 cos k. (49)
By putting Q(k) in (31), taking integral and using (30),
we will have
ρˆc =
sin (θ)
sin (θ) + 1
(
sin(θ)+1
sin(θ) −B A
A∗ B
)
, (50)
FIG. 1. CPE for 1DQW with U(2) coin operator for locla ini-
tial state (42) (solid thick line). CPE for non-local separable
initial state (48) for α = 0 (dash red line), α = pi/4 (dot blue
line) and α = pi/2 (dash-dot green line).
where
A = cos (θ)
(
sin (α)
2
+
1/2− i sin (α) e−iα
sin (θ) + 1
)
ei(β−α)
(51)
B = sin (θ) sin (α)
2
+ cos (α)
2
.
The eigenvalues of ρˆc are
1
2
±
|cos (θ)|
√
4 sin (θ)
2
sin (α)
2
+ 4 sin (θ) sin (α)
2
+ 1
2 (sin (θ) + 1)
2 .
(52)
so by using (44), the CPE is completely determined.
CPE has been plotted in Fig.2 and Fig.1
C. Entangled initial state
As a final example, assume that initial state be an
entangled state as
|ψ〉d = 1√
2
(| − 1〉x ⊗ |0〉+ |1〉x ⊗ |1〉) . (53)
Using (6) and (14), we have
Pk (0) =
1
2
(
1 e2ik
e−2ik 1
)
(54)
then finding ρ˜c from (20) and it’s eigenvalues will be
simple.
λ1, λ2 =
1
2
± sin (θ) (1− sin (θ))
2 (1 + sin (θ))
2 (55)
6FIG. 2. Entanglement between coin and position for 1DQW
with U(2) coin operator for the initial state (48)
FIG. 3. CPE for 1DQW with U(2) coin operator for the
entangled initial state (53). Note that, the vertical axis re-
stricted to [0.98,1] for a better view
CPE have been plotted in Fig.3. We can see for the
entangled initial state (53), CPE only depends on θ and
for almost all values of θ is maximum. This CPE decays
just in two points near to pi/8 and 7pi/8 to 0.99 (see
Fig.3).
VI. CONCLUSION
In this paper we have shown that, asymptotic reduced
density matrix of any quantum walk with m-dimensional
coin space, can be completely determined bym2×m2 spe-
cific matrix C(k) with ρˆc =
∫
dmk
(2pi)mTr1 (P0(k)⊗ I C(k)).
The characteristic matrix C(k) depends only on the
eigenvalues of the evolution operator, with special sym-
metry (see (21)). Our calculations show that this sym-
metry helps us to simplify final form of C(k) to have
clean compact expressions for almost all types of quan-
tum walks. Although finding the clean form of C(k) re-
quires relatively tedious calculations and simplifications,
it is always possible and only needed once.
We have calculated C(k) for most general form of coin
operator in one dimensional quantum walk in this pa-
per as well and tried to show the power of our formalism
with several examples. Although some of the results of
our examples are new and have not been addressed be-
fore, they are not the main results of our paper, the main
aim of this paper is introducing characteristic matrix ap-
proach to calculate asymptotic reduced density matrix.
This approach have been introduced by (20) and (21).
One can use (21) to calculate C(k) for a specific type of
QW, thereafter for any initial state, asymptotic reduced
density matrix of QW is completely known by (20). So
this formalism can be used as a powerful tool for analytic
study of asymptotic behavior of QW, related to reduced
density matrix.
One of the important quantities, related to reduced
density matrix, is coin-position entanglement which has
been studied here for 1DQW with general U(2) coin op-
erator just as examples. But other quantities such as
entanglement temperature, chirality probability distribu-
tion, etc can be easily studied by this formalism.
We hope this method can help researchers to have bet-
ter and easier study of asymptotic behavior of quantum
walks.
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